Matrix elements and spherical functions of irreducible representations of the de Sitter group are studied on the various homogeneous spaces of this group. It is shown that an universal covering of the de Sitter group gives rise to quaternion Euler angles. An explicit form of Casimir and Laplace-Beltrami operators on the homogeneous spaces is given. Different expressions of the matrix elements and spherical functions are given in terms of multiple hypergeometric functions both for finite-dimensional and unitary representations of the principal series of the de Sitter group.
Introduction
The representation theory of the de Sitter group, and also all the questions concerning this group and the de Sitter spacetime, comes in the forefront due the recent discoveries in modern cosmology. One of the most important problem in this area is a construction of quantum field theory in the de Sitter spacetime (see, for example, [2, 5, 13, 21] ). As is known, in the standard quantum field theory in Minkowski spacetime solutions (wave functions) of relativistic wave equations are expressed via an expansion in relativistic spherical functions (matrix elements of the Lorentz group representations) [1, 18, 20, 22] . The analogous problem in five dimensions (solutions of wave equations in de Sitter space) requires the most exact definition for the matrix elements and spherical functions of irreducible representations of the de Sitter group.
In the present work spherical functions are studied on the various homogeneous spaces of the de Sitter group SO 0 (1, 4) . A starting point of this research is an analogue between universal coverings of the Lorentz and de Sitter groups, which was first established by Takahashi [17] (see also the work of Ström [16] ). Namely, the universal covering of SO 0 (1, 4) is Spin + (1, 4) ≃ Sp(1, 1) and the spinor group Spin + (1, 4) is described in terms of 2 × 2 quaternionic matrices. On the other hand, the universal covering of the Lorentz group SO 0 (1, 3) is Spin + (1, 3) ≃ SL(2, C), where the spinor group Spin + (1, 3) is described in terms of 2 × 2 complex matrices. This analogue allows us to apply (with some restrictions) Gel'fand-Naimark representation theory of the Lorentz group [9, 14] to SO 0 (1, 4). The section 2 contains a further development of the Takahashi-Ström analogue (quaternionic description of SO 0 (1, 4) ). It is shown that for the group Spin + (1, 4) ≃ Sp (1, 1) there are quaternion Euler angles which contain complex Euler angles of Spin + (1, 3) ≃ SL(2, C) as a particular case. Differential operators (Laplace-Beltrami and Casimir operators) are defined on Sp(1, 1) in terms of quaternion Euler angles. Spherical functions on the group SO 0 (1, 4) are understood as functions of representations of the class 1 realized on the homogeneous spaces of SO 0 (1, 4). A list of homogeneous spaces of SO 0 (1, 4), including symmetric Riemannian and nonRiemannian spaces, is given at the end of section 2. Spherical functions on the group SO(4) (maximal compact subgroup of SO 0 (1, 4) ) are studied in the section 3. It is shown that for an universal covering Spin(4) ≃ SU(2) ⊗ SU(2) of SO (4) there are double Euler angles. It should be noted that all the hypercomplex extensions (complex, double, quaternion) of usual Euler angles of the group SU(2) follow directly from the algebraic structure underlying the groups Spin + (p, q) and describing within the framework of Clifford algebras Cℓ p,q [19] . Matrix elements and spherical functions of SO (4) are expressed via the product of two hypergeometric functions. Further, spherical functions of finite-dimensional representations of SO 0 (1, 4) are studied in the section 4 on the various homogeneous spaces of SO 0 (1, 4) . It is shown that matrix elements of SO 0 (1, 4) admit factorizations with respect to the matrix elements of subgroups SO(4) and SO 0 (1, 3), since double and complex angles are particular cases of the quaternion angles. In turn, matrix elements and spherical functions of SO 0 (1, 4) are expressed via multiple hypergeometric series (the product of three hypergeometric functions). Spherical functions of the principal series representations of SO 0 (1, 4) are considered in the section 5 within the Dixmier-Ström representation basis of the de Sitter group SO 0 (1, 4) [6, 16] .
2 The de Sitter group SO 0 (1, 4)
The homogeneous de Sitter group SO 0 (1, 4) consists of all real matrices of fifth order with the unit determinant which leave invariant the quadratic form 
Thus, the algebra so(1, 4) has basis elements of the form L rs = −e rs + e sr , s, r = 1, 2, 3, 4, s < r,
L 0r = e 0r + e r0 , r = 1, 2, 3, 4,
where e rs is a matrix with elements (e rs ) pq = δ rp δ sq . The basis elements (2) and (3) satisfy the following commutation relations:
ρ, µ, ν, σ = 0, 1, 2, 3, 4,
where g k0 = g 0k = δ 0k , g ks = −δ ks ; k, s = 1, 2, 3, 4. SO 0 (1, 4) is a 10-parametric group. The maximal compact subgroup K of SO 0 (1, 4) is isomorphic to the group SO(4) and consists of the matrices 1 0 0 SO (4) .
Further, Cartan decomposition of the algebra so(1, 4) and Iwasawa decomposition of the group SO 0 (1, 4) have a great importance at the construction of representations of the de Sitter group SO 0 (1, 4). So, in the Cartan decomposition so(1, 4) = so(4) + p a subspace p consists of the basis elements (3). The group SO 0 (1, 4) has a real rank 1. For that reason the commutative subalgebra a of so(1, 4) is one-dimensional. We can take the matrix L 04 as a basis element of a. Therefore, the commutative subgroup A consists of the matrices
Using the relations (4), we verify that a nilpotent subalgebra n of so(1, 4) is defined by the matrices
Making an exponential mapping of the subalgebra n into the subgroup N, we find that the nilpotent subgroup N consists of the matrices
The subgroups K, A and N define the Iwasawa decomposition SO 0 (1, 4) = SO(4) · NA. In accordance with the definition of the subgroup M of SO 0 (1, 4) (see, for example, [12] ), the subgroup M is isomorphic to SO(3). Thus, a minimal parabolic subgroup P has a decomposition P = SO(3)·NA. Since the rank of SO 0 (1, 4) is equal to 1, then there exist no other parabolic subgroups containing P . In the group SO 0 (1, 4) there are two independent Casimir operators
It is known that Casimir operator W is equal to zero on the representations T σ of the class 1 [4] . The Casimir operator F takes the values σ(σ + 3) on the representations T σ . With the aim to obtain selfconjugated operators we will consider generators J µν = iL µν instead the elements L µν of the algebra so (1, 4) . In unitary representations we have J * µν = J µν . Let us introduce the following designations for the ten generators J µν of SO 0 (1, 4):
Casimir operators of the group SO 0 (1, 4) in this designation have the form
The generators (9) satisfy the following commutation relations:
where ε klm is an antisymmetric tensor of third rank, which takes the values 0 or ±1 (k, l, m = 1, 2, 3). 
Quaternionic description of
The decomposition Cℓ 1,3 ≃ Cℓ 1,1 ⊗ Cℓ 0,2 means that for the algebra Cℓ 1,3 there exists a transition from the real coordinates to quaternion coordinates of the form a + bζ 1 + cζ 2 + dζ 1 ζ 2 , where ζ 1 = e 123 , ζ 2 = e 124 . At this point, ζ
It is easy to see that the units ζ 1 and ζ 2 form a basis of the quaternion algebra, since ζ 1 ∼ i, ζ 2 ∼ j, ζ 1 ζ 2 ∼ k. Therefore, a general element
a ijk e i e j e k + a 1234 e 1 e 2 e 3 e 4 of the space-time algebra Cℓ 1,3 can be written in the form
where the each coefficient Cℓ It is easy to verify that the units ζ 1 and ζ 2 commute with all the basis elements of Cℓ 1,1 . Further, let us define matrix representations of the quaternion units ζ 1 and ζ 2 as follows:
1 This decomposition is a particular case of the most general formula , where i = e 1 , j = e 2 , k = e 12 are anti-quaternion units, which satisfy the relations
In such a way, the universal covering of the de Sitter group SO 0 (1, 4) is
where det a b c d = 1 means that
here a means a quaternion conjugation. The ten-parameter group Spin + (1, 4) ≃ Sp(1, 1) has the following one-parameter subgroups:
Let ω(t) be the one-parameter subgroup of Sp(1, 1). The operators of the right regular representation of Sp(1, 1), corresponding the elements of this subgroup, transfer quaternion functions
For that reason the infinitesimal operator of the right regular representation R(q), associated with one-parameter subgroup ω(t), transfers the function f (q) into
The infinitesimal operator J ω , corresponding the subgroup ω(t), has a form
Let us calculate infinitesimal operators
corresponding the quaternion subgroups Ω Let q = q(ϕ q , θ q , ψ q ) be a matrix with quaternion Euler angles (the matrix (13)) ϕ
So, the operator J 
3 Quaternion Euler angles of
(universal covering of the Lorentz group) as a particular case (for more details see [22] ).
Let us calculate the infinitesimal operator J 
Multiplying the matrices in the right side of the latter expression, we obtain
For calculation of derivatives ϕ
at t = 0 we must differentiate on t the both parts of the each equality from (16)- (18) . At this point, we have ϕ(0) = ϕ, ǫ(0) = ǫ, . . ., χ(0) = χ.
So, let us differentiate the both parts of (16) . In the result we obtain
Taking t = 0, we find that
Differentiating now the both parts of (17) and taking t = 0, we obtain
Therefore,
Further, differentiating the both parts of (18) and taking t = 0, we find that
In such a way, we have
where
Let us calculate now an infinitesimal operator J 
Multiplying the matrices in the right side of this equality, we see that Euler angles of the product qω 2 (t q ) are related by the formulae
Differentiating on t the both parts of the each equalities (23)- (25) and taking t = 0, we obtain
Therefore, for the subgroup Ω q 2 we have J
Further, taking into account expressions (15), (20)- (22) and (27)- (29), we can rewrite the operators (14), (19) , (26) in the form
Using the expressions (30)-(32), we see that for the first Casimir operator F of the group SO 0 (1, 4) there exists the following equality:
Or,
Matrix elements t
of irreducible representations of the group SO 0 (1, 4) are eigenfunctions of the operator (36):
Here M σ mn (q) are general matrix elements of the representations of SO 0 (1, 4), and Z σ mn (cos θ q ) are hyperspherical functions. Substituting the functions (38) into (37) and taking into account the operator (36), we arrive at the following differential equation:
After substitution z = cos θ q this equation can be rewritten as
The latter equation has three singular points −1, +1, ∞. It is a Fuchsian equation. Indeed, denoting w(z) = Z σ mn (z), we write the equation (39) in the form
Let us find solutions of (40). Applying the substitution
we arrive at hypergeometric equation
Therefore, a solution of (41) is
Coming back to initial variable, we obtain
Thus, from (42) it follows that the function Z σ mn can be represented by the following particular solution:
In the section 4 and 5 we will give more explicit expressions for the functions Z σ mn (cos θ q ) via the multiple hypergeometric series.
Finally, using the formulae (33)-(35), we can obtain the same differential equation for the function Zσṁṅ(cosθ q ). All the calculations in this case are analogous to the previous calculations for Z σ mn (cos θ q ).
Homogeneous spaces of
Before introducing the spherical functions on the group SO 0 (1, 4) it is useful to give a general definition for spherical functions on the group G. Let T (g) be an irreducible representation of the group G in the space L and let H be a subgroup of G. The vector ξ in the space L is called an invariant with respect to the subgroup H if for all h ∈ H the equality T (h)ξ = ξ holds. The representation T (g) is called a representation of the class one with respect to the subgroup H if in its space there are non-null vectors which are invariant with respect to H. At this point, a contraction of T (g) onto its subgroup H is unitary:
Hence it follows that a function
corresponds the each vector η ∈ L. f (g) are called spherical functions of the representation T (g) with respect to H. Spherical functions can be considered as functions on homogeneous spaces M = G/H. In its turn, a homogeneous space M of the group G has the following properties: a) It is a topological space on which the group G acts continuously, that is, let y be a point in M, then gy is defined and is again a point in M (g ∈ G). b) This action is transitive, that is, for any two points y 1 and y 2 in M it is always possible to find a group element g ∈ G such that y 2 = gy 1 . There is a one-to-one correspondence between the homogeneous spaces of G and the coset spaces of G. Let H 0 be a maximal subgroup of G which leaves the point y 0 invariant, hy 0 = y 0 , h ∈ H 0 , then H 0 is called the stabilizer of y 0 . Representing now any group element of G in the form g = g c h, where h ∈ H 0 and g c ∈ G/H 0 , we see that, by virtue of the transitivity property, any point y ∈ M can be given by y = g c hy 0 = g c y. Hence it follows that the elements g c of the coset space give a parametrization of M. The mapping M ↔ G/H 0 is continuous since the group multiplication is continuous and the action on M is continuous by definition. The stabilizers H and H 0 of two different points y and y 0 are conjugate, since from
Coming back to the de Sitter group G = SO 0 (1, 4), we see that there are the following homogeneous spaces of SO 0 (1, 4) depending on the stabilizer H. First of all, when H = 0 the homogeneous space M 10 coincides with a group manifold S 10 of SO 0 (1, 4). Therefore, S 10 is a maximal homogeneous space of the de Sitter group. Further, when H = Ω , the homogeneous space M 6 coincides with a two-dimensional
5 When the stabilizer H is a compact group, the homogeneous space M = G/H is called a Riemannian symmetric space [10] . When H is a non-compact group, we arrive at the non-Riemannian spaces. The homogeneous space M 6 = S The following homogeneous space M 4 we obtain when the stabilizer H coincides with a maximal compact subgroup K = SO (4) 
The following homogeneous space M 3 of SO 0 (1, 4) is a three-dimensional real sphere S 3 ∼ SO(4)/ SO(3). In contrast to the previous homogeneous spaces, the sphere S 3 coincides with a quotient space SO 0 (1, 4)/P , where P is a minimal parabolic subgroup of SO 0 (1, 4) . A minimal homogeneous space M 2 of SO 0 (1, 4) is a two-dimensional real sphere S 2 ∼ SO(3)/ SO (2) .
Taking into account the list of homogeneous spaces of SO 0 (1, 4), we introduce now the following types of spherical functions f (q) on the de Sitter group:
This function is defined on the group manifold S 10 of SO 0 (1, 4) . It is the most general spherical function on the group SO 0 (1, 4). In this case f (q) depends on all the ten parameters of SO 0 (1, 4) and for that reason it should be called as a function on the de Sitter group. An explicit form of M σ mn (q) (respectively Mσṁṅ(q)) for finite-dimensional representations and of M −iρ,l 0 mṅ (q)) for infinitedimensional representations of SO 0 (1, 4) will be given in the sections 4 and 5, respectively.
. This function is defined on the homogeneous space M 6 = S 
−iρ,l 0 (φ q ,θ q , 0)) will be given in the section 4 and 5.
•
. This function is defined on the homogeneous space M 4 = H (
. This function is defined on the homogeneous space M 3 ∼ S 3 = SO(4)/ SO (3) , that is, on the surface of the real 3-sphere x • φ) ). This function is defined on the homogeneous space M 2 = S 2 ∼ SO(3)/ SO (2) , that is, on the surface of the real 2-sphere S 2 . We come here to the most degenerate representations of SO 0 (1, 4) restricted to the subgroup SO(3).
Spherical functions on the group SO(4)
As is known, the group SO(4) is a maximal compact subgroup of SO 0 (1, 4). SO(4) corresponds to basis elements M = (M 1 , M 2 , M 3 ) and P = (P 1 , P 2 , P 3 ) of the algebra so(1, 4):
Introducing linear combinations V = (M + P )/2 and V ′ = (M − P )/2, we obtain
The operators V and V ′ form bases of the two independent algebras so(3). It means that SO(4) is isomorphic to a direct product SO(3) ⊗ SO(3).
An universal covering of SO (4) is Spin(4) ≃ SU(2) ⊗ SU(2). The one-parameter subgroups of Spin(4) are m 12 (ψ) = e where θ e = θ + φ, ϕ e = ϕ + ς, ψ e = ψ + χ
are the double Euler angles of the group Spin(4) ≃ SU(2) ⊗ SU(2) 7 . On the group SO(4) there exist the following Laplace-Beltrami operators:
At this point, we see that operators (49), (50) contain Casimir operators M 2 + P 2 , M P of the group SO(4). Using expressions (48), we obtain a Euler parametrization of the Laplace-Beltrami operators, 
Hereθ e = θ − φ,φ e = ϕ − ς,ψ e = ψ − χ are conjugate double angles. Matrix elements t l mn (g) = M l mn (ϕ e , θ e , ψ e ) of irreducible representations of the group SO(4) are eigenfunctions of the operators (51),
M˙lṁṅ(g) = e i(ṁφ e +ṅψ e ) Z˙lṁṅ(cosθ e ).
Here M l mn (g) are general matrix elements of the representations of SO(4), and Z l mn (cos θ e ) are hyperspherical functions of SO (4) . Substituting the functions (53) into (52) and taking into account the operators (51) and substitutions z = cos θ e , * z = cosθ e , we come to the following differential equations:
The latter equations have three singular points −1, +1, ∞. The equations (54), (55) are Fuchsian equations. Indeed, denoting w(z) = Z l mn (z), we write the equation (54) in the form
The solution of (56) is
It is obvious that a solution of (55) has the analogous structure. Let us consider now spherical functions f (g) and homogeneous spaces M = SO(4)/H of the group SO(4) depending on the stabilizer H. First of all, when H = 0 the homogeneous space M 6 coincides with a group manifold K 6 of SO(4). Therefore, K 6 is a maximal homogeneous space of the group SO(4). Further, when H = Ω 
where e is a double unit, e 2 = 1. The conjugate (dual) sphereṠ
The following homogeneous space M 3 we obtain when the stabilizer H coincides with a subgroup SO(3). In this case we have a three-dimensional sphere
Finally, a minimal homogeneous space M 2 of SO(4) is a two-dimensional real sphere S 2 ∼ SO(3)/ SO(2). All the homogeneous spaces of SO(4) are symmetric Riemannian spaces.
Taking into account the list of homogeneous spaces of SO (4), we introduce now the following types of spherical functions f (g) on the group SO(4).
• f (g) = M l mn (g). This function is defined on the group manifold K 6 of SO (4) . It is the most general spherical function on the group SO(4). In this case f (g) depends on all the six parameters of SO (4) and for that reason it should be called as a function on the group SO(4).
• f (ϕ e , θ e ) = M is defined on the surface of the dual sphereṠ e 2 .
. This function is defined on the homogeneous space M 3 ∼ S 3 = SO(4)/ SO (3) , that is, on the surface of the real 3-sphere
. This function is defined on the homogeneous space M 2 = S 2 ∼ SO(3)/ SO (2) , that is, on the surface of the real 2-sphere S 2 . We come here to the most degenerate representations of SO (4) 
). With the aim to find an explicit form of hyperspherical functions on Z l mn (cos θ e ), we will use an addition theorem for generalized spherical functions P l mn (cos θ) of the group SU(2) [23] :
where the angles ϕ, ψ, θ, θ 1 , ϕ 2 , θ 2 are related by the formulae Hence it follows that ϕ = ψ = 0 and the formula (60) can be written as function P l mn [23, 22] , we obtain
. (65) On the other hand, the function Z l mn (cos θ e ) can be expressed via the hypergeometric function. Using hypergeometric type formulae for P l mn [23, 22] , we have at m ≥ n , 1 have the following form: 
(cos θ sin φ+sin θ cos φ) e i(ψ+χ) cos θ cos φ−sin θ sin φ
(cos θ sin φ+sin θ cos φ) e −i(ψ+χ)
[cos 
is an associated hyperspherical function, are defined on the surface of the double 2-sphere (58). The function Z m l (cos θ e ) is an eigenfunction of the Laplace-Beltrami operator △ L (S e 2 ) defined on the double 2-sphere,
Hypergeometric type formulae for Z m l (cos θ e ) are
An important particular case we obtain from the previous formulae at m = n = 0. The function
In its turn, the function f (φ e ,θ e ) = e iṁφ e Zṁ l (cosθ e ) (or f (θ e ) = Z˙l(cosθ e )) are defined on the surface of dual sphere (59). Explicit expressions and hypergeometric type formulae for f (φ e ,θ e ) are analogous to the previous expressions for f (ϕ e , θ e ). Spherical functions of the third type f (ϕ, θ, ψ) = e −imϕ P l mn (cos θ)e −inψ (or f (ς, φ, χ) = e −imς P l mn (cos φ)e −inχ ) are defined on the surface of the real 3-sphere S 3 = SO(4)/ SO(3). These functions are general matrix elements of representations of the group SO(3). Therefore, we have here representations of SO(4) restricted to the subgroup SO(3). Namely,
where spherical functions f (ϕ, θ, ψ) of the representations Q m of SO(3) form an orthogonal basis in the Hilbert space L 2 (S 3 ). Various expressions and hypergeometric type formulae for f (ϕ, θ, ψ) are given in [23, 22] .
Finally, spherical functions of the fourth type Hence it follows that ϕ = ψ = 0 and formula (60) can be written as
where Z We consider here only the factorization of Z σ mn (cos θ q ) with respect to the maximal compact subgroup SO(4). Thus, the formulae (74) and (75) define a hyperspherical function of the de Sitter group SO 0 (1, 4) with respect to SO(4). Further, using (65), we obtain an explicit expression for Z σ mn (cos θ q ),
. (76) It is obvious that the functions Z σ mn (cos θ q ) can be reduced also to hypergeometric functions. Namely, these functions are expressed via the following multiple hypergeometric series 9 : (4) and Z l mn (cos θ c ) of SO 0 (1, 3) can be written in the form of hypergeometric functions of many variables [3, 7] . So, the functions Z , where Cℓ 1,3 is the space-time algebra with a quaternionic division ring K ≃ H, we see that there is a close relationship between hypercomplex angles of the group Spin + (p, q), division rings of Cℓ + p,q from the one hand and hypergeometric functions of many variables from the other hand. A detailed consideration of this relationship comes beyond the framework of this paper and will be given in a separate work.
As is known, matrix elements of finite-dimensional representations of SO 0 (1, 4) are expressed via the functions f (q) = M 
where sin θ q = sin θ cos φ cosh τ + cos θ sin φ cosh τ − i cos θ cos φ sinh τ + i sin θ sin φ sinh τ, cos θ q = cos θ cos φ cosh τ − sin θ sin φ cosh τ + i cos θ sin φ sinh τ + i sin θ cos φ sinh τ,
It is easy to see that T1
2
(ϕ q , θ q , ψ q ) is the fundamental representation (13) of Sp(1, 1).
Spherical functions of the second type
is an associated hyperspherical function of SO 0 (1, 4), are defined on the surface of the quaternion 2-sphere S
Hypergeometric type formulae for Z The latter formulae hold at any k when σ is an half-integer number. When σ is an integer number, these formulae hold at k = 0, 1, . . . , σ−1, σ. At k = −σ, −σ+1, . . . , 0 we must replace the function At m = n = 0 we obtain a zonal hyperspherical function Z σ (cos θ q ) ≡ Z σ 00 (cos θ q ) of the group SO 0 (1, 4) In its turn, the functions f (φ q ,θ q ) = e imφ q Zṁ σ (cosθ q ) (or f (θ q ) = Zσ(cosθ q )) are defined on the surface of the dual quaternion sphereṠ 2 q . Explicit expressions and hypergeometric type formulae for f (φ q ,θ q ) are analogous to the previous expressions for f (ϕ q , θ q ). Spherical functions of the third type f (ǫ, τ, ε, ω) = M where dµ(x) is an invariant measure on H 4 + with respect to SO 0 (1, 4). This measure is defined by an equality dµ(x) = sinh τ dτ dǫdεdω. In accordance with (12) the range of variables ǫ, τ , ε, ω is (−∞, +∞), but we consider here the upper sheet of the hyperboloid, therefore, the range of these variables is (0, ∞). A quasiregular representation T in the space L 2 (H It is easy to show that this representation is unitary. However, T is reducible, and in accordance with Gel'fand-Graev theorem [8] is decomposed into a direct integral of irreducible representations T σ of the principal unitary series (σ = −3/2 + iρ, 0 < ρ < ∞).
